Abstract: We study the structure constants of the N = 1 beta deformed theory perturbatively and at strong coupling. We show that the planar one loop corrections to the structure constants of single trace gauge invariant operators in the scalar sector is determined by the anomalous dimension Hamiltonian. This result implies that 3 point functions of the chiral primaries of the theory do not receive corrections at one loop. We then study the structure constants at strong coupling using the LuninMaldacena geometry. We explicitly construct the supergravity mode dual to the chiral primary with three equal U(1) R-charges in the Lunin-Maldacena geometry. We show that the 3 point function of this supergravity mode with semi-classical states representing two other similar chiral primary states but with large U(1) charges to be independent of the beta deformation and identical to that found in the AdS 5 × S 5 geometry. This together with the one-loop result indicate that these structure constants are protected by a non-renormalization theorem. We also show that three point function of U(1) R-currents with classical massive strings is proportional to the R-charge carried by the string solution. This is in accordance with the prediction of the R-symmetry Ward identity.
Introduction
Integrability has played a crucial role in determining the planar spectrum of anomalous dimensions of gauge invariant single trace operators in N = 4 Yang-Mills theory at all orders in the t'Hooft coupling [1] . The next piece of information one needs to solve a conformal field theory are the fusion rules or the structure constants of the three point functions of gauge invariant operators. The presence of integrability in the structure constants of N = 4 Yang-Mills was first noticed in perturbative field theory calculations in [2] [3] [4] . At strong coupling three point functions of chiral primaries was evaluated using supergravity in [5] . These structure constants are not-renormalized and the fact that these also agree with the the calculation at tree level formed one of the early tests of the AdS/CFT correspondence. More recently methods to evaluate the structure constants at strong coupling involving one chiral primary and two other operators dual to classical spinning strings was developed in [6] [7] [8] [9] [10] [11] . Finally in [12] [13] [14] [15] [16] methods which use integrability of planar N = 4 Yang-Mills have been developed to evaluate structure constants. In [13] the authors evaluated the three point function of a chiral primary and two heavy (non-chiral) operators using integrability in a certain large charge limit and showed that this agreed with that obtained at strong coupling in [8] .
Given the systematic progress achieved in the study of three point functions in N = 4 Yang-Mills it is natural to ask if similar features exists for other integrable theories but with lower supersymmetry. One such theory which is a good candidate for such an exploration is the beta deformed theory of Leigh and Strassler. Superconformal invariance of the beta deformed theory has been tested to 5 loops in [17, 18] . This theory is known to admit a holographic dual found by [19] . Integrability in two point functions for the beta deformed theory has been observed in [20, 21] and the Y-system which in principle allows one to extract the anomalous dimensions of single trace operators has been written down in [22] [23] [24] [25] . Integrability in three point functions of this theory has been not studied so far.
In this paper we study a class of the three point functions of N = 1 both from weak coupling and strong coupling. At weak coupling using the methods of [4] we show that the one loop corrections to the structure constants of operators in the scalar sector are determined by the anomalous dimension Hamiltonian which is integrable. One of the implications of this result is that the structure constants of chiral primaries of this theory is not corrected at one loop. For arbitrary values of β it is known [26, 27] that the chiral primaries of the theory have the following U(1) R-charges (k, 0, 0), (0, k, 0), (0, 0, k), (k, k, k).
The construction of the chiral primary with charge (k, k, k) involves the deformation parameter β [28] 1 . However we show the planar three point functions at tree level between three such chiral primaries is independent of the beta deformation. Therefore at tree level these structure constants are identical to that found for these states in N = 4 Yang-Mills. From our one loop calculation we conclude that these 3-point functions do not get corrected as they involve chiral primaries and their value is identical to that of N = 4 Yang-Mills to one loop.
We then study the structure constants at strong coupling using the LuninMaldacena geometry. We first construct the supergravity mode dual to the chiral primary with U(1) R-charge (k, k, k). We then use the method developed by [8] to evaluate the structure constant of this supergravity mode with geodesics carrying R-charge (J, J, J). These geodesics are the semi-classical states dual to the chiral primary of interest. We find the structure constant to be independent of the coupling as well as independent of the beta deformation. Therefore even at strong coupling the structure constant involving chiral primaries carrying equal R-charges is identical to that of N = 4 Yang-Mills. This together with the one loop result suggests that these structure constants are protected by a non-renormalization theorem.
We also evaluate the structure constant of the R-currents of this theory with a generic massive semi classical string state and show that the structure constant is proportional to the R-charge carried by the semi-classical solution. This is in accordance with that predicted by the R-symmetry Ward identity. The verification of this Ward identity at strong coupling for the case of N = 4 Yang-Mills the verification of the Ward identity was recently done in [31] . Finally we evaluate the structure constant of the supergravity mode with R-charge (k, k, k) and a rigid rotating string.
The organization of the paper is as follows: In section 2 we introduce the beta deformed N = 1 theory, this will help to set up notations and conventions used in the paper. We will also define what we mean by one loop corrections to structure constants. In section 3 we evaluate the planar one loop corrections to structure constants of gauge invariant operators constructed out of the 3 complex scalars and their conjugates. We show that the one loop correction is entirely determined by the anomalous dimension Hamiltonian of the beta deformed theory. This allows us to conclude that the 3 point functions of chiral primaries do not get corrected at one loop. We then evaluate the the 3 point function of the chiral primary with charge (k, k, k) and show that it is independent of the beta deformation and equal to that in the N = 4 Yang-Mills theory at one loop. In section 4 we turn to the evaluation of three point function at strong coupling. First we determine the supergravity mode dual to the chiral primary with charge (k, k, k) in the beta deformed gravity background. We use this mode to evaluate the 3 point function involving this chiral primary and geodesics carrying equal U(1) charges. We show that that indeed that the 3 point function is independent of the beta deformation and identical to that of the N = 4 Yang-Mills. We also evaluate three point functions involving R currents and massive semi-classical string states show that these are proportional to the angular momentum of the semi-classical states as predicted by a conformal Ward identity. Finally we evaluate the structure constant of the supergravity mode dual to the (k, k, k) chiral primary and the rigid rotating string. In appendix A we review the evaluation of the one loop anomalous dimension of the beta deformed theory.
The beta deformed theory
In this section we briefly review the beta deformed N = 1 Yang-Mills theory. This will serve to set up our notations and conventions. The general deformation of N = 4 SYM which preserves N = 1 superconformal symmetry was first obtained by Leigh and Strassler [32] . The field content of this theory is same as that of N = 4 YangMills with gauge group SU(N). It consists of a gauge field and its super partner, the gaugino. There are 3 complex scalars along with their super partners. All fields transform in the adjoint representation of SU(N). The superpotential of the theory is given by
where parameters κ, β and h are complex. Φ 1 , Φ 2 , Φ 3 are super fields containing the three complex scalars and their super partners. The beta deformed theory is a special case of the Leigh-Strassler deformation which is obtained by choosing κ = g, where g is the gauge coupling constant and h = 0 with β real. This deformation is known to be a marginal and the theory has N = 1 super-conformal symmetry. The superpotential in (2.1) reduces to
The R-symmetry of this theory is U(1)×U(1)×U (1) . We now write down the explicit Lagrangian of the beta deformed theory which we will use for all our subsequent calculations [28] 
Note that there is a double trace operator in the last line of the Lagrangian given in (2.3) for the SU(N) theory. It is easy to see that in the planar limit and at one loop it affects only the anomalous dimensions and the structure constants of single trace operators involving only two scalars. For example, this term ensures that the operator Tr(Z 1 Z 2 ) does not receive corrections at planar one loop. We have also verified that the contribution of this term to the structure constants is proportional to the anomalous dimension in accordance with the results of this paper. For all other single trace operators of length greater than two, the contribution of this term is supressed in the large N limit. In this paper we will restrict our considerations to single trace operators of length greater than two. Therefore from now on we will ignore this term in our analysis 2 .
The covariant derivatives are defined by
Here the index takes values in i ∈ {1, 2, 3} and q = e iβ . L, R are the left and right chiral projectors. The Lagrangian given in (2.3) reduces to the N = 4 Lagrangian if one chooses β = 0. The scalar potential plays an important role in our perturbative calculations, this is given by
Here the first line contains D-type terms of the potential while the second line contains the F-type terms.
We now discuss the observables of the beta deformed theory we will be interested in this paper. Consider a basis of local gauge invariant single trace operators such that their two point function are diagonal and normalized in the planar limit. That is
Here ∆ i is the conformal dimension of the operator i. In the planar limit it admits the following expansion in the t'Hooft coupling.
where
is the t'Hooft coupling. Once we are in the above orthonormal basis of single trace local gauge invariant operator, the three point function of any three operators is constrained by conformal invariance to be
where x ij = |x i − x j |. C ijk are the structure constants of the theory. It is easy to see form large N counting that the leading term in the structure constants begin at 1 N in the large N expansion. Thus in the planar limit, the structure constants admit an expansion of the following form
In this paper we are interested in studying the properties of the structure constants of the beta deformed theory in the planar limit both at the first order in the t'Hooft coupling as well as large t'Hooft coupling.
3 Structure constants at one loop
We will now review the method developed in [4] which we will use obtain the planar structure constants at one loop in t'Hooft coupling. The method captures the essential information necessary to evaluate the structure constant at one loop directly without constructing an orthonormal basis of operators at one loop. Consider an arbitrary basis of gauge invariant operators constructed out of the complex scalars. We denote these by O α , this basis need not be orthonormal. Then their two point functions at one loop is given by
where Λ is the cut off. Let C
αβγ be the tree level structure constants in this basis and C (1) αβγ be finite part of the one loop corrections to the three point function defined by
αβγ .
Here
The three point function is evaluated with the same regularization scheme as that used in the the two point function. Then the renormalization group invariant structure constants at one loop is given by [4] 
Note that there is an additional contribution to this structure constants at one loop when written out in the diagonal basis as defined in (2.6) and (2.9). This contribution arises due to the O(λ) term in the mixing matrix on diagonalizing the two loop anomalous dimension Hamiltonian [34] . This added contribution to the structure constants will involve the mixing matrix together with the tree level structure Figure 1 : Graph of renormalization scheme independent structure constant.
constants. In the series of papers [35, 36] this problem has been addressed for N = 4 Yang-Mills. In this paper we will restrict ourselves to studying the general properties of the structure constants as defined in (3.4) for the beta deformed theory.
In [4] it was shown that an efficient way to evaluate this coefficient using planar perturbative diagrams is by using the formula
Here U α βγ (3pt) refers to the finite terms in the contribution of an interaction diagram that has legs in all the three operators, with two legs in the nearest neighbour letters of of operator O α and one leg in operator O β and O γ as shown in figure 1. U α βγ (2pt) is the finite terms from the same diagram but now thought of a diagram in a two point function. That is the letters from operators O β and O γ are thought to be in the same operator. The second diagram in figure 1 shows the operator these letters belong to by the dashed line. The rest of the contributions in (3.5) are defined the same way. This formula for the renormalization scheme independent one loop correction to the structure constant does not depend on any two body interaction diagrams, for example the self energy diagram (see figure(3b) ) between any pairs of the operators. We can just focus on only the 3-body interaction diagrams.
We will now evaluate the one loop corrections to the structure constants as defined in (3.5) for scalar operators constructed out of only the three complex scalars in the beta deformed theory. 
One loop diagrams and the contributions
We will now explicitly evaluate the contribution of all possible diagrams at one loop that can contribute to the structure constants. As we have discussed earlier, the renormalization scheme independent contribution to the structure constants depend only on the combination given in (3.5). The gauge invariant single trace operators we consider consist of scalars built out of the 3 complex scalars of the beta deformed theory. Thus we can restrict our selves to examine diagrams of the type given in figure 2 with the letters A, B, C, D belonging to any of the 3 complex scalars and their conjugates. The shaded blob represents either the quartic interactions due to the scalar potential of (2.5) given in figures(4) and (5) or the gauge exchange given in figure(3a) .
After the evaluation of the contribution of each of the diagrams to the structure constants we will compare the contribution of the same diagram to the coefficient of the anomalous dimension matrix in a two point function. By this comparison we demonstrate that the contribution to the structure constants by the same diagram is proportional to the anomalous dimension. This will establish that the contribution to the structure constants defined by (3.4) is essentially captured by the anomalous dimension Hamiltonian.
Note that by a simple large N counting these diagrams are proportional to the factor λ N which we will suppress. Let us now examine the contribution of the diagrams to the structure constants one by one.
We consider the set of diagrams with both the letters A, B being Z i and the letters C, D beingZ i . i can take any value i = 1, 2, 3. The constant term from the quartic interaction for this diagram is obtained by extracting the finite term from
Here the 2/4 arises from the normalization of the quartic potential in the scalar potential given in (2.5). The quartic contribution arises from the figures (4c) and (4d). φ(r, s) is given by the integral which appears in the quartic interaction . (3.8)
The limit x 2 → x 1 is taken by setting x 2 − x 1 = ǫ → 0. Note that under this limit r → 0, s → 1. The expansion of the function φ(r, s) is known around this point 3 . Substituting this expansion into (4a) we obtaiñ The term proportional to the logarithm contributes to the logarithmic corrections in the 3 point functions arising from the anomalous dimension, while the constant term contributes to the structure constant. Thus the constant term from the 3 body interaction of the quartic potential is given by
Now we examine the same diagram but as a 2 body interaction. We thus have to evaluateQ 11) where the limits are taken by setting x 1 → x 2 = ǫ, x 4 − x 3 = ǫ and then finally taking ǫ → 0. We can then extract the constant term from this using the expansions of the function φ(r, s). Performing this we obtain
Let us now proceed to the gauge exchange contribution to the 3 body interaction. This is obtained by extracting the finite terms from
3 See equation B. 5 of [4] .
Here the 1/2 arises from the
in coupling in the covariant derivatives. The negative sign arises because two powers of i in this interaction and H is given by
(3.14) Setting x 1 − x 2 = ǫ and taking ǫ → 0 and keeping track of only the finite terms we obtain [4] 
Note that as discussed in [4] there are terms in the limit (3.13) which apparently seems to violate conformal invariance. On summing all such terms from the contributions in the 3 terms of (3.5) it can be shown that they vanish. Let us now evaluate the contribution of the gauge exchange diagram but now thought of as arising from a two point function. We have extract the finite terms from
Evaluating this limit and extracting the finite terms as done in [4] we obtain
Putting the contributions of the quartic interaction and the gauge exchange together and evaluating the renormalization scheme independent contribution to the structure constant we obtain
Note that the contribution from the diagrams with A = B =Z i and C = D =Z i , that is with the Z's interchanged with the correspondingZ remains identical to the case discussed.
Having explained in detail the contributions that make up diagram (i ), we now just outline the results for the remaining diagrams. The contribution of quartic interaction arises from figures (4a) and (4b) . This results in the following
The gauge exchange diagram gives
Thus the total contribution of this diagram to the structure constant is
As we have mentioned earlier, the same contribution arises from the complex conjugated diagram.
The contribution of the quartic interaction here arises from both the F-term and D-terms in the scalar potential. The D-term contribution arise from figures (4c) and (4d) and F contribution arise from (5b)(shown for the case of i = 1, j = 2) and (5a)( shown for the case of for i = 2, j = 1) This results in the following
The gauge exchange diagram results in
Thus the total contribution to the structure constant is
Again here the complex conjugate of this diagram gives the same contribution to the structure constant.
The contribution of the quartic interaction arises from diagram in figure(4b). In fact this figure gives a factor of 2 due to the two possible ways of Wick contraction in the D-terms. There is no contribution from the F-term. This results in the following contribution to the structure constant
The gauge exchange contribution results in
Again here the complex conjugate of this diagram results in same contribution to the structure constant.
For this case the D-type terms of figures (4a)(with an extra factor of 2 for two ways of Wick contraction) contribute to the quartic interaction. This results in
There is no contribution from the gauge exchange interaction in this diagram. This is because one does not allow self contractions between the letters belonging to the same operator. Therefore the total contribution is given by
The complex conjugate of this diagram also yields the same result.
D-type figures (4c) and (4d) contributes to the quartic interaction. F contribution arise from figure (5a)(for i = 1, j = 2) and (5b)(for i = 2, j = 1) This results in
Again for this diagram there is no contribution from the gauge exchange. Thus the structure constant contribution is
Here also the complex conjugate of this diagram yields the same result.
Here only the F-type term contributes to the quartic interaction and there is no gauge exchange contribution. The diagram which contributes is (5c). This results in the following
All diagrams related to this by the cyclic replacement of Z 1 → Z 2 → Z 3 → Z 1 yields the same result. Further the complex conjugate of this diagram also yields the same result.
Only the F-type term given in figure (5d) contributes, there is no contribution from the gauge exchange. This results in
Again all diagram related to this one by cyclic replacements and well as the conjugate diagram yields the same result for the structure constant.
The F-type term given in figure(5d) contributes and there is no contribution from the gauge exchange term. Thus the structure constant contribution from this class of diagrams is given by
All diagrams which are obtained by cyclic replacements as well as the conjugate diagrams result in the same structure constant.
For these class of diagrams only the F-type term given in figure(5c) contributes and there is no contribution from the gauge exchange term. The contribution to the structure constant is given by
Again all diagrams obtained by cyclic replacements as well as the conjugate diagrams result in the same structure constant. Now we can compare the evaluation of the contributions to the renormalization scheme independent structure constant to that of the anomalous dimension Hamiltonian given in the appendix A diagram by diagram . We see that the contribution to the structure constant for each diagram is −1/2 that of the anomalous dimension Hamiltonian. This shows that the one loop corrections to structure constants are indeed controlled by the anomalous dimension Hamiltonian. When all the contributions to the structure constant in given three point functions are put together these will organize into combinations of the anomalous dimensions of the respective operators involved in the three point function. This is identical to how the coefficients of the logarithms in the three point function organize into combinations of the anomalous dimensions of the respective operators.
Non-renormalization of structure constants of chiral primaries
It is known that the structure constants of 3 chrial primaries in N = 4 Yang-Mills do not get renormalized at all orders in the coupling [5] . For a proof involving N = 4 harmonic superspace see [37] 4 . A similar question for the case of the β deformed N = 1 Yang-Mills is yet to be investigated. For arbitrary values of the deformation parameter β, the chiral primaries have the following U(1) charges An argument to indicate that the three point function involving chiral primaries only of the first three type are not renormalized at one loop was given in [28] . Let us now use the result of the previous section to show how three point function involving any chiral primaries in (3.36) including that with U(1) charge (k, k, k) are not renormalized at one loop in the t'Hooft limit. We have shown that the finite corrections to structure constants at one loop organized themselves to the anomalous dimensions of the operators involved in the three point function. If the three operators involved are chiral primaries then this correction vanishes. As mentioned in the discussion below equation (3.4) , there is an additional contribution to the structure constant at one loop. This arises if the operators involved mix at one loop which can be found by examining the two loop anomalous dimension Hamiltonian. If the operators are all chiral primary, there is no mixing and hence this contribution also vanishes. Thus there are are no corrections at one loop to the structure constants involving only chiral primaries.
Let us examine the chiral primary with charge (k, k, k) in more detail. The explicit construction of this operator in the planar limit is by [28] 
k π is the number of permutations required to obtain that term from the configuration of
s π is the symmetry factor which counts the number of repeated arrays, see [28] for a detailed discussion of how this symmetry factor is evaluated. The sum in (3.37) runs over all the permutations. Note that when β = 0, it reduces to the chiral primary of N = 4. Let us explicitly write down the operators at the first two levels 5 .
Consider the three point function
where k = k 1 + k 2 . We have shown that this three point function does not get renormalized at one loop. There is another important property of this three point function. The tree level 3 point function is independent of β in the planar limit. This can seen by the fact that in the planar limit there is a non-zero contribution from the Wick contraction only if the letters in O (k,k,k) are aligned with the other two. Let us focus on one particular term T k in operator O (k,k,k) when the Wick contraction is non-zero with the first terms Tr(Z
respectively. We call these terms T k 1 and T k 2 . Now let S k , S k 1 , S k 2 be another set of terms in each of the operators which have non-zero overlap. The number of permutations to obtain S k from T k must be equal to the total number of permutations to obtain S k 1 and S k 2 from T k 1 and T k 2 respectively. From the construction of operators given in (3.37), this implies that the relative phase between the contribution of the T 's to the three point function and the contribution of the S's to the three point function vanishes. Note that the phases inŌ
involve q while the phases in O (k,k,k) involveq. Thus other than an over all phase there are no relative phases between any terms in the contractions which give rise to the tree level three point function given in (3.41) . This over all phase can be removed by an appropriate redefinition of say the first operator. One can explicitly check this for the the case of k = 2, k 1 = k 2 = 1 with the operators given in (3.40). Therefore we conclude that the tree level structure constant in the planar limit is independent of the deformation β.
We summarize the properties of the three point function given in (3.41).
1. The structure constant does not receive corrections at one loop in the t' Hooft limit.
2. The tree level planar structure constant is independent of the deformation β.
3. Properties (1) and (2) imply that the structure constant (3.41) is equal to that in N = 4 Yang-Mills to one loop in t 'Hooft coupling.
If these properties were to hold to all orders in t'Hooft coupling we should expect to see these properties in the Lunin-Maldacena geometry which is the strong coupling dual of the beta deformed theory.
Structure constants from the Lunin-Maldacena background
Motivated by the arguments in the previous section we turn towards evaluating structure constants in the Lunin-Maldacena background which is the strong coupling dual. We will use the method developed by [8] for evaluating the three point function. There has been holographic computations of three point functions of a chiral primary with operators dual to large semi-classical strings in the Lunin-Maldacena background by [41, 42] . The chiral primary involved was restricted to to be dual to the dilaton in these works 6 . Our primary focus is on evaluating the structure constants of the three chiral primary given in (3.41) and showing that the result is independent of the deformation and it reduces to the same evaluated for the holographic dual of N = 4 Yang-Mills. We then evaluate the structure constants of the R-current with semi-classical string states and verify a Ward-identity. We also evaluate the structure constants of the chiral primary with charge (k, k, k) with other semi-classical string states.
The first step is to evaluate the supergravity mode dual to the chiral primary O (k,k,k) . This is done in section 4.1. Then in section 4.2 we use this to evaluate the three point function given in (3.41) using the method of [8] . We show that the answer is identical to that of the N = 4 result. This result together with the one loop results of the previous section suggests that the the three point function in (3.41) is protected by a non-renormalization theorem. 6 Recently in [43] the chiral primary involved has been chosen to be Tr(Z k ) and Tr(F 2 Z k ). However the vertex operators chosen for the semi-classical calculations was the same as that of AdS 5 × S 5 . The fat semi-classical string obeyed twisted boundary conditions.
The (k, k, k) chiral primary at strong coupling
In this section we will write down the gravity fluctuations which is dual to the chiral primary state O (k,k,k) in the Lunin-Maldacena background. Note that the LuninMaldacena background is obtained by performing a TsT transformation on the AdS 5 × S 5 geometry [19, 44] . The strategy we adopt is the following:
1. Identify the chiral primary fluctuations corresponding to the operator with U(1) charge (k, k, k) in the AdS 5 × S 5 background.
2. Show that the background together with the fluctuation preserves an U(1) isometry so that the TsT transformation can be performed.
3. Perform the TsT transformation on the background with the fluctuations and obtain the Lunin-Maldacena background along with the fluctuations. This yields the super gravity mode dual to the operator O (k,k,k) .
4. As a consistency check we verify that the equations of motion of the fluctuations in the Lunin-Maldacena background reduces to that of Klein-Gordan field with (mass)
Before proceeding let us first review how the Lunin-Maldacena background is obtained by performing a TsT transformation on the AdS 5 × S 5 background. We follow [44] . The AdS 5 × S 5 background is given by
where dΩ 
There is also the background RR 4-from which is given by
3)
The dilaton background is constant and we have set e Φ = 1 and the radius of AdS to be unity. We will re-introduce the constant mode of the dilaton and the radius of AdS in the sigma model coupling as in [8] .
The TsT dual is obtained as follows [44] :
1. First perform the following co-ordinate transformatioñ
Substituting these transformations in the metric of the S 5 we see that the metric is no longer diagonal. The RR 4-form also is written in these co-ordinates.
2. We then perform T-duality along theφ 1 direction. This is done by applying the standard T-duality rules given in [45] . We are now in the type IIA theory.
Let us now label the 3 circles asφ 1 ,φ 2 andφ 3 .
3. Then the following shift is done by replacing
4. The next step is to again perform a T-duality along theφ 1 direction. Now we are back in type IIB theory, we label the circles now as ϕ 1 , ϕ 2 , ϕ 3 .
5. Finally we undo the co-ordinate transformation in (4.4) by performing the inverse transformation given by
The result of this TsT transformation is the following solution of type IIB gravity in the string frame .
The background also contains the dilaton which is given by
The anti-symmetric NS-NS 2-form fields which are turned on are given by The component of the RR 2-form fields which are turned on are given by following transformation rules These transformation rules can be obtained by a straight forward application of Tduality rules given in [45] . Here the values for the components on the right hand of the above equations can be read out from the expression for the 4-form given in (4.2). Implementing the RR transformation rules we find the following RR 2-form components turned on C
Finally applying the TsT rules we find that the anti-symmetric 4-form RR field is given by
Note that the fields of background after the TsT transformation are all parametrized by the deformation parameter γ. This background satisfies the type IIB equations of motion which can be obtained from the action
Note that this action is written in Einstein frame and 2κ
The relation between the string frame and the Einstein frame is given by
The equations of motion is further supplemented by the self duality constraint on the 5-form field strength. When γ = 0, the solution given in (4.7), (4.8), (4.9), (4.13) and (4.14) reduces to the usual AdS 5 × S 5 . The deformation γ is identified with β/2π of the beta deformed theory [19] .
Let us now examine the fluctuations which correspond to the chiral primaries in the AdS 5 × S 5 background [5, 46] . We perturb the metric and the RR 4-form by
where the non-zero components of the perturbations h M N and a 4 are defined by [5] 
20)
The labels m, n, · · · take values from 0, 1, · · · 4 which label the AdS 5 directions. The labels α, β, · · · take values from 5, 6, · · · 9 which label the S 5 directions. Y I are spherical harmonics on the S 5 , I labels the various spherical harmonics. The spherical harmonics satisfy the equation
Thus k refers to the rank of the spherical harmonic. For future reference we write down the non-zero components of the RR 4-form on S 5 along with the fluctuations explicitly:
. A simple example of a spherical harmonic on S 5 is given by
This spherical harmonic carries a charge k along the directionφ 1 . Our conventions for the ǫ tensor are ǫ 01234 = ǫ 56789 = 1. Now expanding the type IIB equations of motion to the linear order in fluctuation about the AdS 5 × S 5 background it can be seen that the amplitude of the fluctuations s I satisfy the minimally coupled massive scalar field in AdS 5 which is given by
The normalization N k is determined by holographically evaluating the two point function of the dual operator to this fluctuation and demanding it to be unity. For the spherical harmonic given in (4.26) this results in the following [8] .
(N
(4.28)
The superscript here refers to the fact that the normalization corresponds to the harmonic in (4.26) . Note that the fluctuations satisfy the minimally coupled scalar equation in (4.27) with (mass) 2 = k(k − 4) .The U(1) charge carried by the spherical harmonic in (4.26) is given in (k, 0, 0). These two facts allow us to conclude that this supergravity mode is dual to the chiral primary Tr(Z k 1 ). We now examine a chiral primary fluctuation in the AdS 5 ×S 5 background which preserves the U(1) isometry alongφ 1 on which the T duality is done. Note that the spherical harmonic given in (4.26) does not preserve the U(1) isometry. The reason is that after the shiftφ 2 → +γφ 1 , the fluctuation depends on the directionφ 1 and thus breaks the U(1) isometry. The following spherical harmonic of rank k preserves the U(1) isometry.
Here k is a multiple of 3 so that the the function is periodic in the angles. Using the co-ordinate transformation in (4.4) we see that this harmonic just depends on the angleφ 3 . Thus it preserves the U(1) isometry along which the TsT transformation is done. From the U(1) quantum numbers of this harmonic we see that it is dual to the operator O k
. Before proceeding we will determine normalization constant
corresponding to the harmonic in (4.29). The normalization is determined by requiring that the holographic two point function be normalized to unity. From the analysis of [5] we see that the normalization satisfies the following property
where f (k) is quantity independent of the choice of spherical harmonics. But z I (k) is given by [5] 
For the spherical harmonic given in (4.26) it can be seen that
For the second choice of spherical harmonic given in (4.29) we obtain
Then from (4.30) one can write
We now consider the AdS 5 × S 5 background along with the fluctuations given in (4.19) with the harmonic (4.29). Since the full background preserves the U(1) isometry we can perform the TsT transformation. The TsT transformation maps solutions of equations of motion to solutions. Thus the fluctuations obtained after the TsT transformation will satisfy the linearized equations of motion about the LuninMaldacena background if (4.27) is true. We now write down the fluctuations about the Lunin-Maldacena background obtained by performing the TsT transformation of the chiral primary corresponding to the harmonic in (4.29). The background metric and the fluctuations are given by
35) 
In the above equations and the rest of the paper it is understood that the normalization N k refers to N (2) k which is given in (4.34). The background NS B-field along with the fluctuations are given by The background dilaton with the fluctuation is given by
The RR 2-form components with the fluctuations are given by the relations given in (4.10) on the RR 4-components before the TsT transformation given in (4.25). One can also obtain the RR 4-form along with the fluctuation after the TsT transformation. However as will be seen in the next section our analysis requires only the NS fields and their fluctuations. As a simple check of the fact that we have got the right set of fluctuations note that for γ = 0, the background as well as the fluctuations reduces to the situation in AdS 5 × S 5 . As a further non-trivial consistency check we verify that the amplitude of the fluctuation s 2 satisfies the minimally coupled scalar equation in AdS 5 with (mass) 2 = k(k − 4). To do this we first examine the dilaton equation of type IIB. In the Einstein frame this is given by
We then convert our background and the fluctuations given in (4.35), (4.36), 4.38 to the Einstein frame using (4.17) . This is substituted in the equation of motion for the dilaton (4.39). We then expand the LHS of the equation to the linear order in ε. After a tedious manipulation using Mathematica it can indeed be shown that if the amplitude s 2 satisfies (4.27) then the type IIB dilaton equation is satisfied to the linear order in the fluctuations.
3-pt functions of chiral primaries at strong coupling
Having constructed the super-gravity mode dual to the chiral primary operator O kkk we are in a position to evaluate the structure constants of three chiral primaries defined in (3.41) . For this purpose we will use the method developed by [8] which evaluates the structure constant of a super-gravity mode with two semi-classical strings states in terms of a world-sheet amplitude. Let the metric and the NS-B field fluctuations of the super-gravity mode in the string frame be given by h I M N and b I M N , where I labels the mode. Then the structure constant is extracted from the amplitude [8] .
Hereh ab is the world sheet metric which in the conformal gauge can be chosen to be δ ab . h M N and b M N are the fluctuations of super-gravity mode stripped without the amplitude s I . X M (σ 1 , σ 2 ) are classical solutions to the world sheet sigma model in the back-ground of interest. They must have the property that they originate from the boundary of AdS and end at another point on the boundary. The dependence on the distance which separates the two points has to be extracted from the amplitude to read off the structure constant. ∆ I is the conformal dimension of the operator dual to the super-gravity mode. z is the radial co-ordinate of AdS 5 and λ is the t'Hooft coupling. Note that here we have introduced the constant value of the dilaton and the AdS radius measured in units of the string length as the t'Hooft coupling which serves as the string tension. The classical solutions are in general complex as they are analytical continuation of solutions in Minkowski world sheet.
From the expression for the structure constant at strong coupling in (4.40) we see that there are three ingredients to evaluate them. The background of interest in this paper is the Lunin-Maldacena solution which is the holographic dual to the beta deformed theory. We will now proceed to apply the expression (4.40) to show that the structure constants of the three chiral primaries defined in (3.41) in the beta deformed theory at strong coupling is independent of the deformation γ and is identical to that of N = 4 Yang-Mills. This demonstrates that these structure constants in the beta deformed theory at strong coupling are identical to that evaluated at the tree level, thus providing evidence for a non-Renormalization theorem.
Substituting the fluctuations of the metric and the NS-B field into (4.40) we obtain
where we have used
Note that the world sheet is Euclidean and Let us now determine the semi-classical solution dual to the chiral primary of interest. These are geodesics which have equal angular momentum along the three U(1)'s. We first write down these classical solutions. The trajectory in the the Lunin-Maldacena geometry is given by
Note that only when
the equations of motion are satisfied. The Virasoro constraint for this solution results in the following equality
We can use Noether's prescription to obtain the three U(1) charges for this solution which is given by
The energy for the solution is given by
Using the Virasoro constraint we see that the solution has the property E 2 = J 2 , where J is the sum of the three U(1) charges. Therefore this geodesic is the semiclassical solution dual to the chiral primary O J
. We now substitute the classical solution (4.43) into the integral given in (4.41). The following simplification can be observed
Furthermore on substituting the classical solution (4.43) into the part of the integral which depends on the deformed sphere we obtain the following non-trivial simplification
What this implies is that the dependence of the deformation γ completely drops out.
Since the classical solution (4.43) is a geodesic the fluctuations of the anti-symmetric NS B-fields don't play a role in the integral (4.41). Using these simplifications and extracting the dependence of the distance between the end points of the geodesic in (4.41) given by |x 1 − x 2 | k , we obtain the following result for the structure constant
The crucial observation of this calculation is that the result for the structure constant is completely independent of γ. Thus if one repeats the calculation with γ = 0, the geometry, the fluctuations as well as the classical solution reduces to that of the in the N = 4 dual. The structure then reduces to that in N = 4 Yang-Mills. The answer is also independent of the coupling λ. Note also the typical dependence of three point functions of the three chiral primaries of N = 4 given by J √ k/N for J >> k seen in [5] . Now from the tree level and the one loop calculations of the previous section also we deduced that the structure constants of these chiral primaries in the beta deformed theory is identical to that of N = 4 Yang-Mills. The one loop observations together with the same observations of the behaviour of the structure constant at strong coupling provides evidence that these structure constants are protected by non-renormalization theorem.
Structure constants involving massive strings
In this section we evaluate structure constants involving at least 2 arbitrary semiclassical string states. We first review how the Ward-identity satisfied by the Rcurrent determines the structure constant involving the R-current and two arbitrary scalars to all orders in the coupling constant. In section 4.2 we verify this prediction by evaluating this structure constant in the Lunin-Maldacena geometry. For the AdS 5 × S 5 geometry this prediction was verified recently in [31] . Finally in section 4.3 we evaluate the structure constant involving the (k, k, k) chiral primary and operators dual to a rigid rotating string at strong coupling.
Structure constant from a Ward identity
In a conformal field theory, the 3 point function involving a vector V µ and two scalars is completely determined up to a coefficient by conformal invariance. Consider a three point function a scalar operator O ∆ with U(1) R-charge J and its conjugateŌ ∆ with the conserved R-current V µ . The three point function is given by
where ∆ is the conformal dimension of O ∆ and µ = 0, 1, 2, 3. Since O ∆ has U(1) charge J it undergoes following infinitesimal transformation under the R-symmetry
From the R-symmetry of the theory it can be shown that the three point function given in (5.1) obeys the following Ward identity
After differentiating (5.1) we obtain
Comparing (5.3) and (5.4) results in
This is an all-loop prediction for the structure constant C J (λ). In the next section we will verify this at strong coupling in the Lunin-Maldacena geometry. The method proposed by [8] to evaluate the structure constant in gravity relies on taking the limit x → ∞. Before we proceed we evaluate (5.1) in the limit x → ∞. Using
, we obtain
Then the leading term of (5.1) in the x → ∞ limit is given by
Ward identity at strong coupling
To evaluate the three point function given in (5.1) at strong coupling we first need to obtain the supergravity mode dual to the R-currents. To obtain this mode in the Maldacena-Lunin geometry we first review the case for AdS 5 × S 5 [31, 46] . This mode is combination of fluctuations of the metric and the 4-form potential. The metric fluctuation has one index on the internal space S 5 and one along the AdS 5 directions. The 4-form potential has one index along the AdS 5 directions and the remaining indices along S 5 . The 4-form potential couples to the 4-fermion term in the sigma model action and therefore its contribution will be suppressed by O(1/ √ λ) compared to that from the metric fluctuation. This is because these terms contribute only when loops in the sigma model coupling is considered. Therefore we examine only the metric fluctuation. Expanding the metric fluctuations in terms of vector harmonics on the S 5 we obtain
where I now runs over the vector harmonics which correspond to the the 15 isometries of S 5 . We will focus on the 3 U(1) isometries which are preserved by the T sT action and which correspond to the 3 R-currents of the beta deformed theory. These isometries are rotations which correspond to angular shifts in theφ 1 ,φ 2 ,φ 2 direction. The vector harmonics corresponding to these can be extracted from their Killing vectors. These are given by
Note that none of these depend explicitly on the co-ordinatesφ 1 ,φ 2 ,φ 3 . Since these isometries are preserved under the TsT transformation we perform the TsT transformation on the background AdS 5 × S 5 metric together with the fluctuations given in (5.8). As we have discussed earlier, for evaluating the structure constant to the leading order in the coupling √ λ it is sufficient to keep track of only the metric fluctuation and the NS-B fields which result after performing the TsT transformation.
We will first focus on the supergravity mode corresponding to the vector harmonic Y 1 φ 1
. Performing the TsT transformation on the background metric together with this mode we obtain the following mode in the Lunin-Maldacena geometry.
Now that we have the fluctuation which is dual to the R-current we can proceed to evaluate the three point function in (5.1). Following the same method developed by [8] and implemented for the case of the three point function involving vectors in [31] , we evaluate the amplitude
where x refers to the co-ordinates on the boundary of the AdS 5 . S string is given by
and h M N , β M N is the supergravity mode corresponding to the R-current given in (5.10). Then (5.12) can be written as
is the bulk to boundary propagator for vectors. This is given in [47] and 16) where (y − x) 4 ≡ z. To simplify the resulting expressions we take the limit in which the super gravity mode is located far away from the semi-classical states. Taking x → ∞, the bulk to boundary propagator reduces to
Now let us consider any semi-classical solution which is point-like in AdS and which is either point-like or extended in the in the deformed sphere. The solution can be written as
and R = |x 0 1 −x 0 2 | 2 refers to distance between the end points of the solution on the boundary. Note that the end points are separated only in the 0 direction along the boundary. The world-sheet dependence on the angular co-ordinates is such that it satisfies the equations of motion and the Virasoro constraints. Substituting the solution in (5.18) into (5.14) and using the expression for the bulk to boundary propagator given in (5.17) we obtain
Since the string extends only in y 0 and z directions, the index m for I m can be either 0 or 4. But as we have seen the bulk to boundary propagator (5.17), G 4µ = 0 in the limit x → ∞. Therefore the only non-trivial contribution is from m = 0 and I 0 is given by
Now we note that the conserved charge corresponding to shifts in φ 1 is given by
Using this expression for the U(1) R-charge, 5.20 can be written as 
Comparing (5.24) and (5.23) we determine the structure constant for the U(1) Rcurrent with semi-classical states to be
Thus the structure constant evaluated in the Lunin-Maldacena geometry agrees with the all loop prediction resulting from the ward identity given in (5.5). The same calculation can be easily repeated for the remaining two R-currents corresponding to the shifts in φ 2 and φ 3 resulting in the same conclusion.
Structure constant involving rigid rotating strings
In this section we evaluate the structure constant involving the supergravity mode dual to the (k, k, k) chiral primary and a semi-classical rigid string solution which has equal R-charges in the three U(1)s. The string solution we consider is given by
This configuration is a solution to the world sheet equations of motion in the LuninMaldacena geometry. m is an integer which refers to the winding of the string along the U(1). For the string to be a massive state we take m = 0. It has equal R-charges in the three U(1)'s with a total R-charge given by
The configuration given in (5.26) satisfies the Virasoro constraint corresponding to world sheet momentum.
The Virasoro constraint corresponding to the world sheet energy reduces to to the following constraint among the parameters of the solution.
Rewriting this constraint in terms of the energy E = √ λκ and R-charge J = √ λω we obtain
Then the structure constant involving the rigid string and the super gravity mode dual to the (k, k, k) chiral primary is given by evaluating the amplitude given in (4.41) by substituting the classical configuration in (5.26) . This results in
(5.31) Note that there is no contribution from the NS-B field fluctuations given in (4.42) even though this classical configuration has world sheet σ dependence. The expression in square brackets in (5.31) can simplified as follows
To obtain the second line in the above equation we have used the Virasoro constraint (5.29). Substituting this result in (5.31) we obtain
The integrals in the above expression can be easily performed using 34) where B(x, y) is the Beta function and
Now substituting the results for the integrals given in (5.34) into (5.33), we obtain 
Finally re-writing this structure constant in terms of the charges E and J of the rigid string we obtain
Note that this strong coupling result vanishes for γ 2 k = 3, it will be interesting to verify this directly in the field theory.
Conclusions
We have studied the structure constants of the N = 1 beta deformed theory both perturbatively at one loop and in strong coupling using the Lunin-Maldacena geometry. We have shown that the three point function of the chiral primaries with equal U(1) charges along the three Cartan directions are not renormalized at one loop and their value is independent of the deformation β . Therefore it is the same as that in the N = 4 theory. We have observed the same behaviour of the these three point functions at strong coupling in the Lunin-Maldacena geometry. This suggests that these three point functions are not renormalized in the beta deformed theory. It will be interesting to see if the methods developed to prove non-renormalization of 3 point functions of chiral primaries in the N = 4 theory [37] [38] [39] can be carried over for these chiral primaries of the beta deformed theory.
The three point function of the chiral primaries in the Lunin-Maldacena background were evaluated in the limit when two of the chiral primaries have large Rcharges and are semi-classical using the methods of [6, 8] . It will be interesting to evaluate them for of arbitrary R-charges following [5] . The supergravity modes in the Lunin-Maldacena geometry dual to the chiral primary with U(1) charges (k, k, k) as well that of the R-currents were constructed by TsT transformation of the corresponding mode in the AdS 5 × S 5 background. It will interesting to construct the supergravity modes corresponding the other chiral primaries with U(1) charges (k, 0, 0), (0, k, 0) and (0, 0, k) in the Lunin-Maldacena background to verify similar non-renormalization properties of their three point functions.
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A Anomalous dimensions
In this section we review the evaluation of the anomalous dimension Hamiltonian for single trace operators constructed out of the three complex scalars in the beta deformed theory. The two point function of two of such operators O α , O β at one loop is given by
The anomalous dimension Hamiltonian at one loop is determined by the terms proportional to the logarithm in the above expression. By simple large N counting it can be seen that only interactions between nearest neighbour letters contribute at one loop. Therefore to characterize the anomalous dimension Hamiltonian it is sufficient to extract the log terms in the interactions given in figures 3, 4, 5 where A, B are nearest neighbour letters in say operator O α (x 1 ) and B, C are nearest neighbour letters in operator O β (x 1 ). Figure 3 contains the gauge exchange and the self energy interactions, figure 4 contains the quartic interactions from the D-type quartic interactions and 5 contains the possible quartic interactions from the F-type quartic interactions. We will now discuss the various possibilities the letters A, B, C, D can take in the same order as we discussed for the case of the structure constants. We will see that the coefficient of the log term is proportional to the contribution of the structure constant. By large N counting it is easily seen that the coefficients of the log term is proportional to λ. We will suppress this dependence in the discussion below.
We consider the contribution to the log term with both the letters A, B being Z i and the letters C, D beingZ i . i can take any value i = 1, 2, 3. Here instead of explicitly evaluating the contribution of the self energy diagrams we will use the fact that this combination is letters occurs in the evaluation of the one loop contribution of the anomalous dimension of a chiral primary for eg. the operator Tr(Z k 1 ). Thus the sum of the coefficients of the terms proportional to the logarithim must vanish in this case. This will determine the contribution of the self energy diagrams in terms of the others. The quartic term which contributes in this situation arises from diagrams in figure 4c and figure 4d . Writing out the contributions of all these diagrams we obtain −∆(i) = − 1 2 lim .
The limits x 1 → x 2 is taken by setting x 1 − x 2 = ǫ and then taking ǫ → 0. The same procedure is adopted to take the limit x 3 → x 4 . The reason for the factors of 1/2 and signs are the same as that explained in the evaluation of the structure constant contribution. We have inserted the negative sign in front of −∆ because from the equation in (A.1) the anomalous dimension Hamiltonian is negative the coefficient of the logarithm. We now extract the coefficients proportional to the logarithm in each of the terms above to obtain the contributions to the anomalous dimension Hamiltonian
where H is the coefficient of the term proportional to the gauge exchange diagram, S is the coefficient from the self energy diagram and X is the coefficient from φ(r, s), the quartic diagram. Since ∆(i) vanishes we obtain the relation
From the expansion of the function φ(r, s) on taking the limits x 1 → x 2 , x 3 → x 4 it can be seen that X = 2. (ii) A = D = Z i and B = C =Z i , i = 1, 2, 3
The diagrams which contribute in this case are the gauge exchange, the self energies, and the quartic diagrams given in (4a) and (4b). The contribution to the anomalous dimensions is given by − ∆(ii) = H + S + 1 2 X, (A.7) = X = 2.
An identical contribution arises from the complex conjugated diagram. All cyclically related diagrams and those obtained by conjugation give the same result for the anomalous dimensions.
SU(3) sub-sector
The SU(3) sub-sector is defined by single trace gauge invariant operators made up of only the holomorphic combinations of the letters Z 1 , Z 2 , Z 3 . One can easily examine the above calculations for the SU(3) subsector and show that the contribution for anomalous dimension Hamiltonian can be written in terms of the following Hamiltonian [48] where λ a , a = 1..., 8 are 3 × 3 Gell-Mann matrices. These act on the letters of the single gauge invariant operators at nearest neighbours i and j. The raising and lowering operators are defined by 19) and I is the identity operator.
Twisted Hamiltonian
To write down the anomalous dimension Hamiltonian for the full sector in a compact form it is convenient to realize the Hamiltonian as twisted version of the one loop Hamiltonian of N = 4 Yang-Mills [21] . For this we define a charge vector q for the fields Z i and the charge vectorq for the complex conjugatesZ i according to table 1.
We then define the C-product between two charge vectors by q α × q β = q HereH refers to the anomalous dimension Hamiltonian of the deformed theory. In using the above relation, one has to substitute the charge vectorq if any of the letters is the complex conjugate. It can be easily verified for all the combination of letters thatH reproduces the values found by the explicit calculation.
